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Main Definitions

-

An n x t matrix over {+1} is a partial Hadamard matrix
provided the rows are pairwise orthogonal.

Definition: H,; := the # of n x t partial Hadamard matrices

Example. One of the matrices counted by Hss:
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_|_

4+ 4+

_|_

4+ 4+t
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LExampIe llustrates: n >3 & Hyy #0 = 4t
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The Problem
L o

Find an asymptotic formula for H,; valid certain infinite
sequences of pairs (n,t).



The Problem
L o

Find an asymptotic formula for H,; valid certain infinite
sequences of pairs (n,t).

Theorem (de Launey & Levin, 2010) Let (n,t) be an infinite
sequence of pairs satisfying 4|t and ¢t > n'2™¢, Then along

this sequence
2nt—1—(n—1)2
Hpp ~ 3 d = " :
(27t)d/2 2

-p. 4/



The Problem
L o

Find an asymptotic formula for H,; valid certain infinite
sequences of pairs (n,t).

Theorem (de Launey & Levin, 2010) Let (n,t) be an infinite
sequence of pairs satisfying 4|t and ¢t > n'2™¢, Then along

this sequence
2nt—1—(n—1)2
Hpp ~ 3 d = " :
(27t)d/2 2

A Fourier-analytic approach to counting partial
Hadamard matrices

LCryptography and Communications 2(2010) pp 307-334. J
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The Hadamard Conjecture

-

The HADAMARD CONJECTURE states that there exist
sguare Hadamard matrices of size n x n for
n e {1,2,4,8,12,16,20,...}.

=

Various constructions have been found
n = 668 IS the first undecided value

n = 428 was decided in 2004
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Outline

f Circle Method Estimates T
Short digression: Latin rectangles
The de Launey - Levin Theorem
An extension
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The Circle Method

an = [2"] f(2)
1 f(z)

2 2|=r Zntl

dz
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Example 1: Stirling’s Formula

1 (77 exp(re?)

~n+1 o I . r1 enit

| exp(z) 1

271 |z|:7“

+6
— ooz e (0w — (1/2)r6° + O(r16l)) B

+0(1) /5§9|§7r exp (—cr6?) d@}

=



Example 1: Stirling’s Formula

- .

L e L), 1T el
271 2| =r Alas 2w J_.  rie™

do

r +90
= e (= i~ (/208 + 00101 at

+0(1) /5§9|§7r exp (—cr6?) d@}

lexp(re?)| = exp(rcosf) = e” exp(—r(1—cos)) < " exp(—cro?)
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Example 1: Stirling’s Formula

0
I 1 exp(z) 1 [T exp(re?)

2w Jie, 2 om J_.  rhenit

+0(1) /5§9|§7r exp (—cr6?) d@}

r=n ré’—oo 165 —0

do

r +90
= e (= i~ (/208 + 00101 at

=



Example 1: Stirling’s Formula

+7 10
1_ 2e* = 1 eXp(’i) gr — 1 eXp(Te.H ) i
n! 210 J|p)=p 2" 2w J_.  rhe™
er +9
_ [/ exp ((r — n)i6 — (1/2)r6% + O(r|0])) do
2mrn -5

+0(1) /5§9|§7r exp (—cr6?) d@}

n

= o [T (V27 + 0(1) ) + O(e™ )

2mn"

=



W. K. Hayman
- o

A generalisation of Stirling’s formula

Journal fur die reine und angewandte Mathematik
vol 196 (1956) 67-95.

/*************************************************************** /

Hayman’s method can be used to prove

_ 1 2 (O L e
pn) = 5= exs (cn (Gt 2

(C'=m/2/3)

o -
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Example 2: Binary Matrices

=

[__Lets::shszw..,&n,t::tht%..wtnkxenuegersequences.
Assume » s; = > lg.
Let B(m,n;s,t) be the number of m x n matrices over
{0, 1} with row sums s and column sums are t.

Then

B(m,n;s,t) = [a7 - aprit -] [ U+ )
1<j<m
1<k<n
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Example 2: Binary Matrices

=

[__Lets::shszw..,&n,t::tht%..wtnkxenuegersequences.
Assume » s; = > lg.
Let B(m,n;s,t) be the number of m x n matrices over
{0, 1} with row sums s and column sums are t.

Then

B(m,n;s,t) = [a7 - aprit -] [ U+ )
1<j<m
1<k<n

[ 1(1+ zyx)
- 27-‘- m—+n % % S1+1 n—i—l dzdy
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The Integral

= i’y = et

_ 457k i(0;-+¢x) )
Il +zyr = (1 +q;7 1+ e —1
ik = (1 + gjri) ( 1+C]j7“k( )

[ [Tmr (1 + qg'?“k)
(2m)mtn HJ 1% iz

/‘ ™ 1T Tl ﬂ1+kk((7+m)—1ﬁ
—7 7 exp( 23:1 3]‘9] +1 2221 tkﬁbk)

B(m,n;s, t) =

d0d

-
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The Integral

10

rj =g yp = e’

[ [pea (14 qg'?“k)
(27-‘-)m—|—n H] lq] Hk 1’

B(m,n;s, t) =

]131IL31O-FAk((j+m)—1D
_ d0d
—TT —TT exp( Zj:l 836)] +1 Zk:l tkgbk)
q;7k
i =
T4 457k

-
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The Integrand
=

““?ia_.“zzi(l‘+'Ajk(€“9f+¢k)'— 1))

exp(i ) 5y 8i0; + 1>y thdr)

Get m + n saddlepoint equations



The Integrand

-

m

o1 (14 Mgl @) — 1))

.
- 4-]—1 A 4

exp(i ) 5y 8i0; + 1>y thdr)

Get m + n saddlepoint equations

n
D ik =)
k=1



The Integrand
=

““?ia_.“zzi(l‘+'Ajk(€“9f+¢k)'— 1))

exp(i ) 5y 8i0; + 1>y thdr)

Get m + n saddlepoint equations

n

1+qr,
k=1 J




The Integrand
=

“0214__“224(1-+-Ajk(€“9f*¢k)-— 1))

exp(i ) 5y 8i0; + 1>y thdr)

Get m + n saddlepoint equations

m

— k
j:11—|-q]'7°k




Comparison of the Two Examples

- .

1/n! B(m,n;s,t)
FirstExample SecondExample
primary | exp(—(1/2)B#?)  diagonalize quad. form
beyond quadratic O(|0]°) ko0 0k 00 + djk9]2¢k
+ o+ O((--4)?)
secondary [ 0 <10 < complicated
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Consequence

[T (o) ITx )
(imn)

oA (1) (- 55) )

B(m,n;s, t) =




Consequence

[, () I G5)
(o)

X ex —l 1 — i 1 — ¢
P 2 2Amn 2Amn
= (1/2)A(1 — A), A = density

R = Em: — 5)?, C:zn:(tk—t)Q
k=1

j=1

B(m,n;s, t) =
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Latin Rectangles
A

How many k£ x n Latin rectangles are there ?

=

nother two-parameter asymptotic counting problem

Erdos & Kaplansky 1946 k& = O(logn)3/27¢)
Yamamoto 1951 k= 0(n1/3)
Stein 1978 k= o(n'/?)

Godsil & McKay 1990 k= o(n%7)

o (8 (-2)
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Main Symbols

the height of the pHm

the width
— (g) the dimension of an integral

defines primary /secondary regions.



y and Z(y)
-

Given vector y of height n

y= |y | € {£1}"

define the vector of inner products, Z(y), by

Z(y) = |y | € {21}




Example of Z(y)

o+
41
4+ +
+ 1+
+ 1+ +
+ 4+ 1
+ + + |

++ 4+ +++

+ |+ 1 + |

o+ 4

L+ 4+

o+
4+
+ 1
+ 4+ 1+

|
T
T



H,; as a constant term

=

H,;y = 2t x #{(ﬁzl ..... T?Lt) mp € M & Zk mp = 6}

N\t
=2 ) (Sen T o)



Example of Previous Formula

. .

Higs = 28 % the constant term in the expansion of

v U w N\ 8
(uvw+ — 4+ — —)
ww VW U

corresponding to

1] 1] [11 [ 1]

y= 1], | =1, | 1|, |—-1

1 1 —1 —1
B 1] [—=1] [1 1] [-1]
Zy)y=1|v|= |1], 1|, | =11, | -1
W 1 | -1 |[-1] |1
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Constant Term as Integral

- .

Let z;;, = e+ and define

Then,




Primary/Secondary

-

From now on, 4|t.

. B 2nt 2(n—1)2
" (o)

DA AN + /

Rs

¢(A)%1A]

Bs

Bs = {\: |\ < &)

Rs = the R(est) of [—m, +7]%.

Why the factor 2(n—1)° ?

o



The Primary Region
-

1 i\

meM

Where does [y(\)]| =17

Start with A = 0: place = in 2(2) ways;
add 7/2in 2("z") ways.

() (3w

Without 4[t, the factor (1t + (—1)! + (¢)! + (—4)!) vanishes.

o



Taylor Series for Primary

_ A

meM

ik (G)
)\? o

v = D g e

GEMeven(n) J

Meven(n) equals even multigraphs on [n] = {1,2,...,n}

Series Is convergent for all A\, but we would like

Y(A) = exp(---).

o



Primary Integral

-

Assuming né — 0,
(N =exp (—(t/2) [| A I +O(tn’67))

Assuming t6% — oo,

[Cew-amety = | (1o ).

_5 t
Provided tn363 — 0,

[ wo - (z—ﬂ)dﬂ (1+0(1)).

t

o



Secondary Integral

-

de Launey and Levin prove that for any k, 1 < k < n,

1 14
o
This gives
S| < @m)te
Rs




Combining the Two

- .

2nt

= (n—1)? t )\td)\]
o = oo (277, v+ [ o

| (n—1)2 (27 i d —ct52—
Hy = 2m)7 2 - (1+0(1)) + O(1)(2m)%e

Hy = 2" [2<“—1>2(2m)—d/2(1+0(1)) + 0(1)6—0'552}

The assumptions: t§? — oo, tn3§° — 0.

o -



Conditions on ¢

- .

H, = 2" [2<"—1>2(27rt)—d/2(1+o(1)) n O(l)e—ctﬂ

We arrive at deLauney and Levin’s formula,

2nt—|—(n—1)2
H ~
nt (27Tt)d/2 y

obtained under assumption of 4 > 0 such that
tn30% — 0 and t6% = Q(n®logt).

o -
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Setting o
B o

2nt—|—(n—1)2
Hypy ~ :
" (27t)4/2

Necessary conditions: tn36°> — 0 and 52 = Q(n?logt).

2]
5:0\/” togt

t5% = Q(n?logt) — oo

tn363 = O(n%log®%(t) /t1/?) = 0

Can do for ¢t > nl2te,

o -
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Revisiting Secondary |

Worst case: ¢ < |\j;| < = for one pair jk
In fact: § < |\;x| < 7 for < cn? pairs jk = small measure
Leads to

oD < (et
R

L new factor of n in the exponent J

— p. 31/4



Resettingo
-

I 2(n—1)2 .
Hy = 2% |2 (1+.) + O(e )
(27t)4/

For tnd? = Q(n?logt), secondary is negligible vs primary

nlogt
L

0o = C

previously n? in the numerator

—p. 32/



Back to Primary |
-

We'll assume ¢t > n**¢. (More than needed for né = o(1).)

=

(A = exp ((t/2> | AP =it Y Ammew(tn?ZA?k))

j<k<t ik

Integrate one variable at a time, starting with x = \q».

+6
/ exp (—(t/2)x2 —itx B + O(tn2x4)) dx
5

B = Z )\w}\% — O(n52) — 0
(=3

—p. 33/



Primary [, continued

-

+6
/ exp (—(t/2):1:2 —itx B + O(tn2x4)) dx
5

Since tn?6* ~ n/t — 0,

+6
/_5 exp (—(t/2)x* —itzB) (1 + O(tn2$4)) dx

/+OO exp (—(t/2):1:2 —iteB) (1+ O(tn2:zj4)) dx + O(e_Ct(SQ)

o



Complete Square

-

/+OO exp (—(t/2):1:2 —itzB) (1+ O(tn2$4)) dx
2 00
o —tB%/2 / exp (—(t/2)x%) (1+ O(tn*(z* + BY))) dx

o~ tB7/2 \@ (1+ O(n?/t) + O(tn234))



Power-sum bounds forB?, B*

n

B=Y Mo < (1/2) Y (A, +A3)

(=3 (=3

n

B?=0(n)» (Al + A3)
(=3

n

B*=0(n%) ) (A}, + A5))
(=3



Combining

-

Previous

o~ tB7/2 \@ (1+ O(n?/t) + O(tn234))

equals

\E exp (O(n*/t) + O(tB?) + O(tnzB4))



Combining, continued

 brew .

revious.

\/ 2% exp (O(n?/t) + O(tB?) + O(tn*B*))
Thence, with the power-sum bounds for B?, B*

2T
t

Primary/B .-+ =exp (O(n 2/15))

x exp(O( n) Y (Al + A3) + O(tn®) Y (A, + A3 ))

(=3 (=3

X integrand with remaining d — 1 variables

o -
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Later Variables
W

hen integrating with respect to x = A,

+6
/ exp (—(t/2)x* — itx B + O(tnz*) + O(tn°z®)) dx,
)
because \J,, A%, terms were inserted O(n) times.
Inductively, after r variables,

Primary /35 Lo = exp (TO(nz/t) n TO(nG/tS)) (zTﬂ)T/z

X exp (O(tn) Z ()\?g + )\%g) + O(tn®) Z ()\?E T A%e))

(=k+1 (=k+1

o

— p. 39/

X 1ntegrand with remaining d — 7 variables



Integration Complete
fWhen T =d, T

2T

Primary /35 Lo = exp (dO(nQ/t) +d0(n6/t3)) <7>d/2

Since, n*/t,n®/t> — 0, de Launey - Levin formula holds for
t > n4—|—€.



Challenge
-

Want H,; ~ --- for t as small as can be

=

Would at least like to know the limits of “standard methods”

Current § gives né = o(1) for t > n3T¢; then must integrate

g<k<l

+o oty A?k))
ik

—p. 41/
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