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Main Definitions

An n× t matrix over {±1} is a partial Hadamard matrix
provided the rows are pairwise orthogonal.

Definition: Hnt := the # of n× t partial Hadamard matrices

Example. One of the matrices counted by H58:

+ + + + + + + +
+ + + + − − − −
+ + − − + + − −
+ − + − + − + −
− − + + + + − −

Example illustrates: n ≥ 3 & Hnt 6= 0 =⇒ 4|t
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The Problem

Find an asymptotic formula for Hnt valid along
certain infinite sequences of pairs (n, t).

– p. 4/18



The Problem

Find an asymptotic formula for Hnt valid along
certain infinite sequences of pairs (n, t).

Theorem (de Launey & Levin, 2010) Let (n, t) be an infinite
sequence of pairs satisfying 4|t and t ≥ n12+ε. Then along
this sequence

Hnt ∼
2nt+(n−1)2

(2πt)d/2
, d =

(

n

2

)

.
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The Problem

Find an asymptotic formula for Hnt valid along
certain infinite sequences of pairs (n, t).

Theorem (de Launey & Levin, 2010) Let (n, t) be an infinite
sequence of pairs satisfying 4|t and t ≥ n12+ε. Then along
this sequence

Hnt ∼
2nt+(n−1)2

(2πt)d/2
, d =

(

n

2

)

.

A Fourier-analytic approach to counting partial
Hadamard matrices

Cryptography and Communications 2(2010) pp 307–334.
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The Hadamard Conjecture

The HADAMARD CONJECTURE states that there exist
square Hadamard matrices of size t× t for
t ∈ {1, 2, 4, 8, 12, 16, 20, . . .}.

Various constructions have been found

t = 668 is the first undecided value

t = 428 was decided in 2004
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Outline of Talk

Circle Method Estimates
Progress on Latin rectangles
The Generating Function
The primary and secondary regions
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The Circle Method

an = [zn]f(z)

=
1

2πi

∮

|z|=r

f(z)

zn+1
dz

=
1

2πrn

∫ +π

−π

f(reiθ)

eniθ
dθ

=
1

2πrn

[

∫ +δ

−δ
· · · +

∫

δ≤|θ|≤π
· · ·

]
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Latin Rectangles

Another two-parameter asymptotic counting problem

How many k × n Latin rectangles are there ?

Erdos & Kaplansky 1946 k = O(log n)3/2−ε)

Yamamoto 1951 k = o(n1/3)

Stein 1978 k = o(n1/2)

Godsil & McKay 1990 k = o(n6/7)

(n!)k
(

(n)k
nk

)n (

1 −
k

n

)−n/2

e−k/2
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Main Symbols

n the height of the pHm
t the width
d =

(n
2

)

the dimension of an integral

δ defines primary/secondary regions.
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y andZ(y)

Given vector y of height n

y =







...
yj

...






∈ {±1}n,

define the vector of inner products, Z(y), by

Z(y) =







...
yjyk

...






∈ {±1}d.
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Example ofZ(y)

+ + + + − − − −
+ + − − + + − −
+ − + − + − + −
− − + + + + − −

↓
Z
↓

+ + − − − − + +
+ − + − − + − +
− − + + − − + +
+ − − + + − − +
− − − − + + + +
− + + − + − − +
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Hnt as a constant term

Define M = Mn = {Z(y) : y ∈ {±1}n}; |M | = 2n−1

Hnt = 2t × #{(~m1, . . . , ~mt) : ~mk ∈M &
∑

k ~mk = ~0}

= 2t × [x0
12 · · · x

0
n−1n]

(

∑

~m∈M

∏

jk x
mjk

jk

)t
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Hnt as an Integral

Let xjk = eiλjk and define

ψ(λ) =
1

|M |

∑

~m∈M

eiλ·~m.

Then,

Hnt = 2t × [x0
12 · · · x

0
n−1n]





∑

~m∈M

∏

jk

x
mjk

jk





t

=
2nt

(2π)d
×

∫ +π

−π
· · ·

∫ +π

−π
ψ(λ)tdλ.
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Primary/Secondary

Let Λ = {λ : |ψ(λ)| = 1}, and 4|t.

Hnt =
2nt

(2π)d

[

2(n−1)2
∫

Bδ

ψ(λ)tdλ +

∫

Rδ

ψ(λ)tdλ

]

Bδ = {λ : |λjk| ≤ δ}

Rδ = [−π,+π]d ∩ {dist(λ,Λ) ≥ δ}.
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Primary Integral

Assuming nδ → 0,

ψ(λ)t = exp
(

−(t/2) ‖ λ ‖2 +O(tn3δ3)
)

.

∫ +δ

−δ
exp

(

−(t/2)x2
)

=

√

2π

t

(

1 +O(e−tδ2/2)
)

.

Provided tn3δ3 → 0, de−tδ2/2 → 0,

∫

Bδ

ψ(λ)t =

(

2π

t

)d/2

(1 + o(1)) .
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Secondary Integral

de Launey and Levin prove that for any k, 1 ≤ k ≤ n,

|ψ(λ)|2 ≤
1

2
+

1

2

n
∏

j=1

j 6=k

cos 2λjk

This gives
∣

∣

∣

∣

∫

Rδ

ψ(λ)t
∣

∣

∣

∣

≤ (2π)d e−ctδ2
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Combining the Two

Hnt =
2nt

(2π)d

[

2(n−1)2
∫

Bδ

ψ(λ)tdλ +

∫

Rδ

ψ(λ)tdλ

]

Hnt =
2nt

(2π)d

[

2(n−1)2
(

2π

t

)d/2

(1 + o(1)) + O(1)(2π)d e−ctδ2

]

Hnt = 2nt
[

2(n−1)2(2πt)−d/2(1 + o(1)) + O(1) e−ctδ2
]

The assumptions: tn3δ3 → 0, de−tδ2/2 → 0.

For sec. = o(prim.), tδ2 = Ω(d log t)
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The de Launey Levin Theorem

Hnt = 2nt
[

2(n−1)2(2πt)−d/2(1 + o(1)) + O(1)e−ctδ2
]

We arrive at deLauney and Levin’s formula,

Hnt ∼
2nt+(n−1)2

(2πt)d/2
,

obtained under the assumption that

δ =

√

n2 log t

t

satisfies tn3δ3 → 0 and de−tδ2/2 → 0.
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